ABSTRACT. Let k be an algebraically closed field of characteristic p > 0. Let D be a p-divisible group over k which is not isoclinic. Let D W (k) (resp. D k ) be the formal deformation space of D over Spf(W (k)) (resp. over Spf(k)). We use axioms to construct formal subschemes G k of D k that: (i) have canonical structures of formal Lie groups over Spf(k) associated to p-divisible groups over k, and (ii) give birth, via all geometric points Spf(K) → G k , to p-divisible groups over K that are isomorphic to D K . We also identify when there exist formal subschemes G W (k) of D W (k) which lift G k and which have natural structures of formal Lie groups over Spf(W (k)) associated to p-divisible groups over W (k). Applications to ultimate stratifications are included as well.
Introduction
Let p ∈ N be a prime. Let k be an algebraically closed field of characteristic p. Let W (k) be the ring of Witt vectors with coefficients in k. Let B(k) be the field of fractions of W (k). Let σ := σ k be the Frobenius automorphism of W (k) and B(k) induced from k. Let c, d ∈ N ∪ {0} be such that r := c + d > 0. Let D be a p-divisible group over k of codimension c and dimension d; its height is r. Let (M, φ) be the (contravariant) Dieudonné module of D. We recall that M is a free W (k)-module of rank r and φ : M → M is a σ-linear endomorphism such that we have pM ⊆ φ(M ). We denote also by φ the σ-linear automorphism of End(M [ A formal Lie group F (resp. F k ) over Spf(W (k)) (resp. over Spf(k)) is a contravariant functor from the category of local, artinian W (k)-schemes (resp. k-schemes) of residue field k into the category of groups which, when viewed as a functor into the category of sets, is representable by Spf(S) (resp. by Spf(S/pS)), where S = W (k)[[x 1 , . . . , x n ]] for some number n ∈ N∪{0} called the dimension of F (resp. of F k ) (see [Me, Ch. 2, 1.1.5] and [Fo] ). We recall the well known fact that the category of connected p-divisible groups over W (k) (resp. over k) is equivalent to the category of divisible commutative formal Lie groups over Spf(W (k)) (resp. over Spf(k)), cf. [Ta, §2, (2. 2), Prop. 1]. This equivalence of categories is achieved via the association on objects △→ Hom((Z p ) W (k) , △) (resp. △→ Hom((Z p ) k , △)). The short exact sequence of group schemes 0 → (Z p ) W (k) → (Q p ) W (k) → (Q p /Z p ) W (k) → 0 over W (k) (resp. its analogue over k) gives birth to a coboundary functor
which is an isomorphism of formal Lie groups over Spf(W (k)) (resp. over Spf(k)) (see [Va3, Lemma 5.3.1.2] for this well known fact) and which is functorial in △ (this is an obvious cohomological property).
The classical Serre-Tate ordinary theory shows that if D is ordinary, then D has a canonical structure of a formal torus over Spf(W (k)) (see [De, Subsection 2 .1 A)] and [Ka2, Thm. A3.1] ). This theory was generalized in [Va3] to abstract and geometric contexts pertaining to integral canonical models of Shimura varieties of Hodge type. Roughly, in [Va3, Chs. 5 and 9] it is shown that in many cases (some of them are described in Example 1.7), D has formal subschemes G that have the following two main properties:
(i) they have canonical structures of formal Lie groups over Spf(W (k)) which are isomorphic to formal Lie groups over Spf(W (k)) associated to p-divisible groups over W (k) whose filtered Dieudonné modules sit naturally inside the pair (End(M ), φ);
(ii) the restriction of D f to G ∩ D k is geometrically constant in the following sense.
1.1. Definition. Let C be a p-divisible group over Spec(k[[x 1 , . . . , x n ]]) that lifts D. Let C f be the p-divisible group over Spf(k[[x 1 , . . . , x n ]]) defined by C. We say that C or C f is geometrically constant, if the following property holds: (*) for each algebraically closed field K that contains k and for each morphism f : Spec(K) → Spec(k[[x 1 , . . . , x n ]]), the p-divisible group f * (C) is isomorphic to D K .
The goal of the paper is to put forward basic principles that govern the phenomena described by (i) and (ii). We will use axioms to identify: (a) formal subschemes G k of D k for which G k × D k D f is geometrically constant and which have canonical structures of formal Lie groups over Spf(k) isomorphic to formal Lie groups over Spf(k) associated to p-divisible groups over k, and (b) when there exist formal subschemes G of D which lift G k and which have natural structures of formal Lie groups over Spf(W (k)) isomorphic to formal Lie groups over Spf(W (k)) associated to p-divisible groups over W (k).
The importance of the smooth formal subschemes G k and G stems from the study of smooth integral models of Shimura varieties of Hodge type over local,étale Z (p) -algebras. Each such smooth integral model M is a moduli space of polarized abelian schemes which are endowed with symplectic similitude level structures and with families of specializations of Hodge cycles (see [Mi1, Section 2] , [Mi2, Sections 3 and 4] , [Va1, Section 4] , etc.). The special fibre S of M is endowed with many types of stratifications as well as with certain groups of Hecke operators which leave invariant the corresponding strata. A very important stratification of S is the ultimate stratification which can be defined similarly to [Va2, Thm. 5.3.1 and Subsubsection 5.3 .2] and whose strata parametrize certain isomorphism classes of Dieudonné modules endowed with extra structures (i.e., with a group as in [Va2, Def. 1.1] ). In practice, the G k 's are slices of the local ultimate strata i.e., are slices of the smooth formal subschemes of D k that are defined by the most general type of strata of ultimate stratifications and that are invariant under large subgroups of Hecke operators (see Subsection 5.2 for local ultimate strata defined abstractly). Moreover, each G is a good lift of G k over Spf(W (k)) which is supposed to be also invariant under large subgroups of Hecke operators and which (for instance, see [Va3, Main Thm. 1.5 and Cor. 9.5 .4] and Example 1.7 below) can be often used to identify canonical or quasi-canonical lifts of D (endowed with extra structures) to finite, discrete valuation ring extensions of W (k).
Each new structure on D k (like the ones provided by the formal Lie group structures on G k 's) represents a new tool towards the study of groups of Hecke operators on S. Such tools play key roles in identifying Shimura subvarieties of Shimura varieties of Hodge type (see [Mo] ), in computing different cohomology groups of simple Shimura varieties (see [HT] ), in studying the Zariski closures of different Hecke orbits (see [Ch1] ), etc.
In Subsection 1.2 we introduce the language of Newton polygon slopes. In Subsection 1.3 we recall standard descriptions of the tangent space of D k . In Subsection 1.4 we present the axioms. Our main results are stated in Subsections 1.5 and 1.6. Subsections 1.7 and 1.8 contain two examples. Subsection 1.9 details on the contents of the paper.
1.2. Slopes. Dieudonné's classification of F -isocrystals over k (see [Di, Thms. 1 and 2] , [Ma, Ch. 2, §4] , etc.) implies that we have a direct sum decomposition M [ 1 p ] = ⊕ α∈W W (α) that is stable under φ and that has the property that all Newton polygon slopes of (W (α), φ) are α; here W is the set of Newton polygons slopes of (M, φ). We recall that W ⊆ Q ∩ [0, 1]. We also recall that if m α ∈ N is the smallest number such that m α α ∈ N ∪ {0}, then there exists a B(k)-basis for W (α) which is formed by elements fixed by p −m α α φ m α . One says that D is isoclinic if the set W has only one element. We consider the direct sum decomposition End(M [
is stable under φ and such that all Newton polygon slopes of (L + , φ) are positive, all Newton polygon slopes of (L 0 , φ) are 0, and all Newton polygon slopes of (L − , φ) are negative. Let
We have three direct sum decompositions L + = ⊕ α,β∈W, α<β Hom(W (α), W (β)), L 0 = ⊕ α∈W End(W (α)), and L − = ⊕ α,β∈W, α<β Hom(W (β), W (α)). 
As the tangent space of D k is canonically identified with t D t ⊗ t D (cf. [Il, Cor. 4.8 (iii) ]), it is also canonically identified with Hom(F 1 ,M /F 1 ) and therefore also with T.
1.3.1. The map ν, lifts, and cocharacters. [Wi, p. 512] . We have a unique direct sum decomposition M = F 1 ⊕ F 0 such that G m acts through µ trivially on F 0 and via the inverse of the identity character of G m on F 1 . We have a direct sum decomposition
be the cocharacter defined naturally by µ; the group G m acts via the inverse of the identity character of G m on Hom(F 0 , F 1 ), acts trivially on End(F 1 )⊕End(F 0 ), and acts via the identity character of G m on Hom(F 1 , F 0 ). We have φ(
(*) for x ∈ End(M ), we have φ(x) / ∈ End(M ) if and only if ν(x) = 0.
If E +0 is a W (k)-submodule of End(M ) such that the pair (E +0 , φ) is a Dieudonné module over k, then we have ν(E +0 ) = 0 (cf. (*)). Thus we can not use E +0 to construct versal deformations of D. Thus, in order to construct versal deformations of D, we will have to use W (k)-submodules E − of V − such that the pair (E − , pφ) is a Dieudonné module over k and ν(E − ) = 0. Accordingly, in the whole paper we will assume that D is not isoclinic (i.e., V + = 0 and V − = 0) and we will make use of the following list of axioms.
1.4. Axioms. For a W (k)-submodule E of V − , we consider the following two axioms:
Axioms (i) and (ii) imply that there exists an element t ∈ L 0 which is fixed by φ and such that we have [E, t] = E, cf. Lemma 3.1 (c). Thus axioms (i) and (ii) pertain to the possibility of using E to produce versal deformations of D that give birth to the universal extension in characteristic p of (µ µ µ p ∞ ) k by a p-divisible group D(E) over k whose Dieudonné module is (E, pφ) (the Dieudonné module of (µ µ µ p ∞ ) k is identified here with (W (k)t, pφ)).
Let D W (k) be a p-divisible group over W (k) that lifts D. Not to introduce extra notations, we assume that the direct summand
, we consider the following two additional axioms:
Axiom (iii) implies that µ L normalizes E. If the axioms (iii) and (iv) hold, then the triple (E, F 0 (E), pφ) is a filtered Dieudonné module over k. The two Basic Theorems below are proved in Subsections 3.2 and 3.3 (respectively). (ii) the cocharacter µ : G m → GL M factors through T ; (iii) all Newton polygon slopes of (Lie(B + )[
], φ)) are nonnegative (resp. are non-positive);
(iv) the Borel subgroup scheme B + (resp. B − ) normalizes F 1 (resp. F 0 );
The σ-linear automorphism σ φ of M (and thus also of End(M )) normalizes Lie(G), Lie(B + ), Lie(B − ), and Lie(T ) (cf. (i) and (ii)). Based on this and (iii) and (iv), we have
is a direct summand of Lie(B − ). More precisely, F 0 (E) is the maximal direct summand of Lie(B − ) that has the following three properties: (a) is normalized by all conjugates of µ L under integral powers of σ φ , (b) has no element fixed by all these conjugates of µ L , and (c) it is fixed by µ L . As E = F 0 (E) ⊕ F −1 (E), the axiom 1.4 (iii) holds and
e., the axiom 1.4
(iv) holds. From this and the fact that E is a direct summand of End(M ) and therefore also of V − , we get that the axiom 1.4 (i) holds. Axiom 1.4 (ii) is implied by (v). Thus the axioms 1.4 (i) to (iv) hold for E and (E, D W (k) ). Property (v) is implied by the properties (i) to (iv), provided the adjoint group scheme G ad of G has all simple factors of B n or C n Lie type (see [Va3, Ch. 5 
, for p > 2 (resp. for p = 2) there exists a canonical choice (resp. a finite number of quasi-canonical choices) for D W (k) (E) (to be compared with [Va3, Main Thm. 1.5 G2 and Thm. 9.4] ) and this choice (resp. and often one of these choices) can be used to make the formal Lie group structure on G E to be canonical.
1.8. Example. We consider a short exact sequence 0
of Dieudonné modules over k such that each Newton polygon slope of (M 2 , φ) is greater than all Newton polygon slopes of (M 1 , φ); to it corresponds naturally a short exact se-
Let r 1 and r 2 = r − r 1 be the heights of D 1 and D 2 (respectively). The direct summand Hom(M 2 , M 1 ) of End(M ) is also a direct summand of V − . Let E be the largest W (k)-submodule of Hom(M 2 , M 1 ) such that the pair (E, pφ) is a Dieudonné module over k with p-divisible group D(E). As E 2 = 0 and due to the choice of (E, pφ), the axioms 1.4 (i) to (ii) hold for E. Based on the Basic Theorem A we get that to E corresponds a smooth formal subscheme G E k of D k that has a canonical structure of a formal Lie group over Spf(k) isomorphic to the formal Lie group over Spf(k) 
We consider the particular case when D 1 and D 2 are isoclinic of Newton polygon slopes α 1 and α 2 (respectively). We have α 1 < α 2 , W = {α 1 , α 2 }, and V − = Hom(M 2 , M 1 ).
t is isoclinic of height r 1 r 2 and of unique Newton polygon slope
t is isomorphic to (µ µ µ p ∞ ) cd k and therefore the results of the previous paragraph recover the classical result of Serre-Tate. If moreover D is isomorphic to D 1 × k D 2 , then the mentioned results are also claimed in [Ch2] using complicated and lengthy computations.
1.9. On contents. In Section 2 we present complements on Faltings deformation theory (see [Fa, §7] ) that are needed in the paper. The proofs of the Basic Theorems A and B are carried on in Section 3. They rely on Section 2 and on the methods used in [Va3, Ch. 9] ; they are short, elementary, and foundational. In Section 4 we extend the concepts of sign p-divisible groups and of duality properties introduced in [Va3, Ch. 5 
, and σ φ are used throughout the paper. If the pair (E, pφ) is a Dieudonné module over k, let D(E) be a p-divisible group over k whose Dieudonné module is isomorphic to (E, pφ).
Complements on Faltings deformation theory
Sdx i with the p-adic completion of the S-module of differentials Ω S . Let Φ S be the Frobenius lift of S that is compatible with σ and that takes x i into x p i for all i ∈ {1, . . . , n}. Let dΦ S : Ω ∧ S → Ω ∧ S be the differential map of Φ S . An F -crystal over S/pS is a triple of the form (Q, Φ Q , ∆), where Q is a free S-module of finite rank, where Φ Q : Q ֒→ Q is a Φ S -linear monomorphism, and where ∆ : Q → Q ⊗ S Ω ∧ S is an integrable and topologically nilpotent connection on Q, such that the following two properties hold: -the S-module which is the quotient of Q by the S-span of Im(Φ Q ), is annihilated by some non-negative integral power of p;
. . , v n ) be an n-tuple of elements of End(M ) such that we have:
We identify Spec(S 0 ) with the closed subscheme of Spec(S) defined by the ideal (
As the map N 0 /pN 0 → T induced by ν is injective, N 0 has rank n 0 and it is a direct summand of End(M ) and therefore also of N .
Let U be the smooth, affine scheme over Spec(W (k)) defined by the following rule on valued points: if A is a commutative W (k)-algebra, then
We have a natural morphism h U : U → GL M whose fibre over Spec(B(k)) is a closed embedding. Thus if A is an integral domain of characteristic 0, then we have an injective map h U (A) : U (A) ֒→ GL M (A); to ease notations, we always write U (A) ⊆ GL M (A) and we do not use h U besides this paragraph. Let U 0 be the smooth, closed subscheme of U defined by the following rule on valued points: if
If N is a direct summand of End(M ), then h U is a closed embedding. If N is an algebra (i.e., we have N 2 ⊆ N ), then the inverse of x ∈ U (A) is a polynomial in x with coefficients in A (cf. the Cayley-Hamilton theorem) and therefore it belongs to U (A); this implies that:
(i) U is a group scheme over Spec(W (k)) whose Lie algebra is Lie(N ), and
If U is a group scheme, then any W (k)-submodule of End(M ) which is normalized by U under inner conjugation, will be called a left U -module. The element
is universal in the sense that the natural morphism u univ : Spec(S) → U is formally smooth (formallyétale, if N has rank n). We consider the Φ R -linear monomorphism
If * is a free W (k)-module of finite rank, let δ 0 be the flat connection on * ⊗ W (k) S that annihilates * ⊗ 1. Let D W (k) be an arbitrary p-divisible group over W (k) that lifts D. Let F 1 be the direct summand of M which is the Hodge filtration of D W (k) . The reduction of Φ N modulo J is φ and Φ N induces naturally an S-linear isomorphism ( 
we have an identity
Moreover the connection ∇ is integrable and topologically nilpotent.
Let H be the p-divisible group over Spec(S) defined by H f . As {x 1 , . . . , x n } is a p-basis (in the sense of [BM, Def. 1.1.1]) for the regular ring S/pS, from [BM, Thm. 4.1.1] we get that H S/pS is (up to isomorphism) the unique p-divisible group over Spec(S/pS) whose
For all m ∈ N, the ideal pJ of S has a nilpotent divided power structure modulo pJ m . From this and the Grothendieck-Messing deformation theory (see [Me, Chs. 4 and 5]) we get that H f and H are uniquely determined (up to unique isomorphisms) by (b). Let
be the unique morphism such that we have an identification H = q * (D) that lifts the identity automorphism of D. Let q k : Spec(S/pS) → Spec(R/pR), q 0 : Spec(S 0 ) → Spec(R), and q 0k : Spec(S 0 /pS 0 ) → Spec(R/pR) be the natural restriction morphisms defined by q. We consider the S-linear map
that is the Kodaira-Spencer map of ∇. Let
×n , we mean the following 14-tuple (whose entries were introduced above):
is a closed embedding and the tangent space of the closed subscheme Spec(S
the reduction modulo I of (Φ N ⊗ dΦ S ) • ∇ is trivial. Due to this and the equation
is injective and its image is ν(N 0 ). Thus the tangent map of q 0 (at the k-valued points) is an injective map whose image is ν(N 0 ). This implies that q 0k is a closed embedding. Thus q 0 itself is a closed embedding.
We have:
Proof: As all Newton polygon slopes of (V − , φ) belong to the interval [−1, 0), all Newton polygon slopes of (E, pφ) (i.e., of D(E)) belong to the interval [0, 1). Thus (a) holds.
To check (b), let K and h : Spec(K) → Spec(S) be as in the Fact 2.3.
This implies that
it is a Lie algebra over
As N ⊆ E and E 2 = 0, we have N 2 = 0 and therefore U is a group scheme over Spec(W (k)) that fixes E under inner conjugation. From the last two sentences we get thatẼ is a left U -module. LetŨ be the smooth, commutative, closed subgroup scheme of GLẼ defined by the following rule on valued points: if A is a commutative W (k)-algebra, then we havẽ
As both E andẼ/E are trivial left U -modules, the homomorphism U → GLẼ factors throughŨ . The differential map of the resulting homomorphism l U : U →Ũ is a restriction of the adjoint representation of
Based on Formulas (1a) and (1b) and the identity [E, t] = E, it is easy to check that if N is a direct summand of E, then l U is a closed embedding.
Proposition. Let the connection
Let m be the rank of E and let {e 1 , . . . , e m } be a W (k)-basis for E. We write pφ(e l ) = m j=1 a jl e j and
Based on the uniqueness part of Theorem 2.1 (a), to prove (a) it suffices to show that there exists functions w l,i ∈ S such that for all s ∈ {1, . . . , r} we have an identity
As E 2 = 0, we have e l v i = 0 and v i φ(e l ) = 0. Based on this, the left hand side of (2a) is
and the right hand side of (2a) is
Thus (2a) holds if and only if for all i ∈ {1, . . . , n}, we have
Defining
, the system (2b) becomes
As the operator O i : S m → S m is topologically nilpotent in the I-adic topology, the system (2c) has the unique solution
Thus there exists a unique mn-tuple (w 1,1 , . . . , w m,n ) ∈ S mn such that the equations (2a) hold for all s ∈ {1, . . . , r}. This ends the proof of (a).
We check (b). For x ∈ End(M ), the connection ∇ on End(M [ Proof: Due to the property (ii), we have identities n 0 = n, N 0 = N , U 0 = U , and q 0 = q. LetS := S/pS. LetJ := J/pJ; it is the maximal ideal ofS. Let B 1 ∈ B E . Let P (B 1 ) = (n, N 1 , n, N 1 , U 1 , U 1 , u 1univ , Φ N 1 , ∇ 1 , H 1S/pS , q 1k , q 1k , K 1 ,K 1 ) be the deformation package of B 1 . We write ∇ = δ 0 + ω and ∇ 1 = δ 0 + ω 1 , where ω,
Proposition 2.6 (a)). As ω, ω 1 ∈ E ⊗ W (k) Ω ∧ S and due to Lemma 2.2 and the property (i), the reductions modulo p of the two Kodaira-Spencer maps K and K 1 have the same images. The Corollary is a direct consequence of this fact; for the sake of completeness, we present the details.
We check by induction on m ∈ N that there exists a unique automorphism j m : 
S and due to Lemma 2.2 (a) and the property (i), the reductions modulo (p, J m+1 ) of K and K 1 have the same image ν(E) ⊗ kS /J m+1 which containsē m+1 . Therefore we can replacej m+1 by another automorphism j m+1 :
) that lifts j m , so that under this replacement the element e m+1 gets replaced by (i.e., becomes) the zero element. Thus we can assume that e m+1 = 0; this implies that
From the Grothendieck-Messing deformation theory applied to the trivial thickening Spec(S/J m ) ֒→ Spec(S/J m+1 ), we get that there exists a unique isomorphism θ m+1 : j *
m+1 that lifts θ m . Thus j m+1 exists and (as argued above) it is also unique. This ends the induction.
If j ∞ : Spec(S) ∼ → Spec(S) is the automorphism that lifts j m 's with m ∈ N, then we have q 1k = q k • j ∞ . Therefore the closed embedding q k : Spec(S/pS) ֒→ Spec(R/pR) does not depend on the choice of an element B ∈ B E .
The proofs of the Basic Theorems A and B
In this Section we prove the two Basic Theorems A and B (see Subsections 3.2 and 3.3). Lemma 3.1 pertains to the axioms of 1.4. Proposition 3.4 presents a functorial property. Remark 3.5 pertains to Example 1.8. pφ) is a Dieudonné module. We have:
, if E 2 = 0), then there exists an element t ∈ L 0 which is fixed by φ, which is a projector (i.e., t 2 = t), and for which we have [E, t] = E.
Proof:
The Verschiebung map for pφ is φ −1 . As we have
Therefore the pair (E, pφ) is a Dieudonné module over k. Thus (a) holds.
We prove (b). Let x ∈ E \ pE and y ∈ E \ pE be such that pφ(x) ∈ E \ pE and pφ(y) ∈ pE. We check that ν(x) ∈ T is a non-zero element and that ν(y) = 0. We show that the assumption that ν(x) = 0 leads to a contradiction. As ν(x) = 0 we have
Therefore pφ(x) ∈ pE and this contradicts the assumption that pφ(x) ∈ E \ pE. Thus ν(x) = 0. As pφ(y) ∈ pE, we have φ(y) ∈ E ⊆ V − ∩ W . But if ν(y) = 0, then φ(y) / ∈ End(M ) (cf. property 1.3.1 (*)). Therefore ν(y) = 0. LetĒ := E/pE and letF 1 E be the kernel of the reduction modulo p of pφ : E → E. The properties of ν(x) and ν(y) imply that the mapĒ → T induced by ν hasF 1 E as its kernel. Thus the image of E in T can be naturally identified withĒ/F 1 E and therefore it is a k-vector space of dimension c E .
To end the proof of (b) it suffices to show that the equality dim
is the kernel of the reduction modulo p of pφ : E 0 → E 0 , then we have a k-linear epimorphismĒ 0 /F 1 E 0 ։Ē/F 1 E which is the tangent map dτ of τ . From this and the fact that D(E) t is connected (see Lemma 2.4 (a)), we get that τ is an epimorphism. From this and the fact that the height of D(E) is at least equal to the height of E 0 , we get that τ is an isogeny. Thus dτ is a k-linear epimorphism between k-vector spaces of the same dimension and therefore it is a k-linear isomorphism. This and the fact that τ :
t is an isogeny between connected p-divisible groups, implies that τ is an isomorphism. Thus E 0 = E. Thus (b) holds.
We prove (c). Let W 0 be the sum of all images of elements of W (equivalently, of a B(k)-basis for W ). As φ(W ) = W , we have φ(W 0 ) = W 0 . We consider a direct sum decomposition (M [ 3.2. Proof of the Basic Theorem A. Let n ∈ N ∪ {0} be the codimension of D(E). Let the sextuple (S, I, J, φ S , Ω ∧ S , dΦ S ) be as in the beginning of Section 2. Let B = (v 1 , . . . , v n ) be an n-tuple of elements of E such that {ν(v 1 ), . . . , ν(v n )} is a k-basis for ν(E), cf. Lemma 3.1 (b). Let P(B) = (n, N, n, N, U, U, u univ , Φ N , ∇, H S/pS , q k , q k , K,K) be the deformation package of B. Let pΦ N : End(M ) ⊗ W (k) S ֒→ End(M ) ⊗ W (k) S be the Φ S -linear monomorphism induced by pΦ N . Let l U : U ֒→Ũ be the closed embedding obtained in the proof of Lemma 2.5 (a). We have pΦ N =ũ univ (pφ ⊗ Φ S ), wherẽ (1a) and (1b)). Let t ∈ L 0 be an element that is fixed by φ and such that we have [E, t] = E, cf. Lemma 3.1 (c). LetẼ := E ⊕ W (k)t. As E 2 = 0 and [E, t] = E,Ẽ is a Lie subalgebra of End(M [ 1 p ]). As N = N 0 ⊆ E, we have N 2 = 0 and N is a direct summand of End(M ). Thus U is a smooth, closed subgroup scheme of GL M whose Lie algebra is N (cf. properties (i) and (ii) before Theorem 2.1). It is convenient to identifyẼ/E = W (k)t, whenever we have short exact sequences that are natural tensorizations of the short exact sequence 0 → E →Ẽ →Ẽ/E → 0.
We have
Proposition 2.6 (b)), the connection∇ induces the flat connection δ 0 on both E ⊗ W (k) S andẼ/E ⊗ W (k) S = St. Thus we have a short exact sequence of F -crystals over S/pS
As the left U -modules E andẼ/E are trivial, for the first and the last terms of (3a) we do not have to insert the universal element u univ ∈ U (S) GL M (S). Let L S/pS be the unique p-divisible group over Spec(S/pS) whose F -crystal over S/pS is (Ẽ ⊗ W (k) S, pΦ N ,∇) (its existence and uniqueness is argued in the same was as we argued the existence and the uniqueness of H S/pS in the paragraph after Theorem 2.1, the role of B = {v 1 , . . . , v n } being replaced by {dl U (v 1 ), . . . , dl U (v n )}). As {x 1 , . . . , x n } is a p-basis for the regular ring S/pS, the Dieudonné functor D is fully faithful on p-divisible groups over Spec(S/pS) (cf. [BM, Thm. 4.1.1]). Thus to (3a) corresponds a complex
of p-divisible groups over Spec(S/pS). The complex (3b) is a short eaxct sequence as this is so modulo the maximal ideal of S/pS. The dual of (3b) is a short exact sequence (3c)of p-divisible groups over Spec(S/pS).
Lemma. The short exact sequence (3b) is the universal extension of D(E) by
(µ µ µ p ∞ ) k .
In other words, if Y is a local, artinian k-scheme of residue field k and if we have a short exact sequence
0 → (µ µ µ p ∞ ) Y → E → D(E) × k Y → 0 of p-divisible groups over Y that lifts the split short exact sequence 0 → (µ µ µ p ∞ ) k → D(E) ⊕ (µ µ µ p ∞ ) k → D(E) → 0, then
there exists a unique morphism Y → Spec(S/pS) of k-schemes such that the pull back of (3b) via it is (up to a unique isomorphism that lifts the identity automorphism of
Proof: As the map N/pN → T induced by ν is injective, from the property 1.3.1 (*) we get that pφ(N ) is a direct summand of End(M ) and thus also of E. As the rank of N is the codimension of D(E), there exists a direct sum decomposition E = N ⊕ F 1 E such that the triple (E, F 1 E , pφ) is a filtered Dieudonné module. It is well known that a universal extension of D(E) by (µ µ µ p ∞ ) k exists and it is associated naturally to a smooth formal subscheme of the formal deformation space of (µ µ µ p ∞ ) k × k D(E) over Spf(k). The tangent space of the universal extension of D(E) by (µ µ µ p ∞ ) k (i.e., of (W (k)t, pφ) by (E, pφ)), is the k-vector subspace
of the formal deformation space of the product
is the universal extension of D(E) by (µ µ µ p ∞ ) k if and only if the tangent space T b 0 of (3b) (i.e., the image of the tensorization with the maximal ideal I of S of the Kodaira-Spencer map of∇) has dimension n.
The image of the differential map dl U : Lie(U ) → Lie(Ũ ) defined by Formula (1b) is Im(dl U ) = Hom(Ẽ/E, [N, t]). As∇ is induced by ∇ and as N = Lie(U ), from Lemma 2.2 we get that the tangent space T b 0 is the projection into T 0 of Im(dl U ). As φ(t) = t and [E, t] = E, the association x → [x, t] defines an automorphism (E, pφ)
3.2.2. The canonical formal Lie group structure. As (3c) is the Cartier dual of (3b), from Lemma 3.2.1 we get that (3c) is the universal extension of (Q p /Z p ) k by D(E) t . Therefore the formal subscheme Spf(S/pS) of D k = Spf(R/pR) has a natural structure of a formal Lie group over Spf(k) isomorphic to the formal Lie group Ext
t ) (see the third paragraph of Section 1), the formal subscheme Spf(S/pS) of D k = Spf(R/pR) has a natural structure of a formal Lie group over Spf(k) isomorphic to the formal Lie group over Spf(k) associated to the p-divisible group D(E)
t . The addition law of Spf(S/pS) is defined naturally by adding the two short exact sequences over Spec( S/pS ⊗ k S/pS) that are the pulls back of (3c) via the two projections s 1 , s 2 : Spec( S/pS ⊗ k S/pS) → Spec(S/pS). As G E k we take the formal subscheme Spf(S/pS) of D k = Spf(R/pR) defined by the closed embedding q k : Spec(S/pS) ֒→ Spec(R/pR), together with its formal Lie group structure we have introduced. From the last three sentences we get that the property 1.5 (i) holds. From Lemma 2.2 and the identities N 0 = N and ν(E) = ν(N ), we get that the property 1.5 (ii) holds. From Lemma 2.4 (b) we get that the property 1.5 (iii) holds. Thus to end the proof of the Basic Theorem A, we only have to check the following three properties:
(i) the formal Lie group structure on G E k does not depend on the choice of t ∈ L 0 ; (ii) the formal subscheme G E k of D k does not depend on the choice of B ∈ E ×n ;
(iii) the formal Lie group structure on G E k does not depend on the choice of B ∈ E ×n .
To check (i), we consider another element t 1 ∈ L 0 which is fixed by φ and for which we have [E, t 1 ] = E. LetẼ 1 := E ⊕ W (k)t 1 . We have a Lie isomorphism
that is compatible with pφ and that obeys the following two rules: (i) j(t 1 ) = t, and (ii)
Let∇ 1 be the connection onẼ 1 ⊗ W (k) S that is the analogue of∇ but obtained working with t 1 instead of with t. As∇ 1 is uniquely determined by pΦ N restricted toẼ 1 ⊗ W (k) S (this is only a variant of Theorem 1.2 (a)) and as pΦ N • j ⊗ 1 S = j ⊗ 1 S • pΦ N , j ⊗ 1 S is parallel with respect to∇ 1 and∇. In other words, j ⊗ 1 S induces an isomorphism between the short exact sequence (3a) of F -crystals over S/pS and the analogous short exact sequence of F -crystals over S/pS one gets by working with t 1 instead of with t. Therefore the isomorphism class of the short exact sequence (3a) does not depend on the choice of t. From this and [BM, Thm. 4.1.1] we get that the isomorphism class of (3b) and therefore also of (3c) does not depend on t. Thus the formal Lie group structure on G E k does not depend on the choice of t. Thus (i) holds.
The fact that (ii) holds is implied by Corollary 2.7. We have two extra properties:
S is the unique S-submodule which modulo J is E and which defines a constant 
] is the unique endomorphism of
Based on (iv) and (v) we get that the S-submoduleẼ ⊗ W (k) S of End(M ) ⊗ W (k) S is intrinsically associated to t and to the F -crystal (M ⊗ W (k) S, Φ N , ∇) over S/pS. Due to (ii), both the closed embedding q k : Spec(S/pS) ֒→ Spec(R/pR) and this F -crystal over S/pS are intrinsically associated to E. As the formal Lie group structure on the formal subscheme G E k of D k was intrinsically defined in terms ofẼ ⊗ W (k) S, we conclude (based on the last three sentences) that (iii) holds.
3.3. Proof of the Basic Theorem B. If p > 2, the existence and the uniqueness of D W (k) (E) is implied by the Grothendieck-Messing deformation theory. If p = 2, the existence and the uniqueness of D W (k) (E) is (for instance) a consequence of [Fo, Ch. IV, Prop. 1.6 ]. More precisely, we know that D(E) t is connected (cf. Lemma 2.4 (a)) and loc. cit. asserts that the category of 2-divisible groups over W (k) whose Cartier duals are connected is antiequivalent to the category of filtered Dieudonné modules over k that do not have slope 1. Strictly speaking, loc. cit. is stated in terms of Honda triples (of the form (M, φ(
and not in terms of filtered Dieudonné modules (of the form
Thus regardless of what p is, the property 1.6 (i) holds. Let the direct sum decomposition E = F 0 (E) ⊕ F −1 (E) be as in the axiom 1.4 (iii). We have a canonical choice for N ; it is N := F −1 (E). Due to the axioms 1.4 (iii) and (iv), the short exact sequence (3a) extends to a short exact sequence
of filtered F -crystals over S/pS. For all m ∈ N, the ideal pJ of S has a nilpotent divided power structure modulo pJ m . From this and the Grothendieck-Messing deformation theory we get that to (4a) corresponds a short exact sequence
of p-divisible groups over Spec(S) that splits modulo J and that lifts (4b) (it is over Spec(S) and not only over Spf(S), cf. [dJ, Lemma 2.4.4] ). The dual of (4b) is a short exact sequence of p-divisible groups over Spec(S) that is of the form
that splits modulo J, and that lifts (4c). Due to Lemma 3.2.1, the short exact sequences (4b) and (4c) are universal extensions. Thus (4c) is the universal extension of
Therefore the formal subscheme Spf(S) of D = Spf(R) has a natural structure of a formal Lie group over Spf(W (k)) isomorphic to the formal Lie group
over Spf(W (k)). As we have an isomorphism of formal Lie groups Hom((Z
(see the third paragraph of Section 1), the formal subscheme Spf(S) of D = Spf(R) has a natural structure of a formal Lie group over Spf(W (k)) isomorphic to the formal Lie group over Spf(W (k)) associated to the p-divisible group D W (k) (E) t . As G E we take the formal subscheme of D = Spf(R) defined by the closed embedding q : Spec(S) ֒→ Spec(R), together with its formal Lie group structure we have introduced. Thus the property 1.6 (ii) holds.
We recall that to the Hodge filtration
) of filtered Dieudonné modules over k. Thus as (4c) splits modulo J, the origin of G E corresponds to D W (k) i.e., to the morphism z 0 : Spec(W (k)) → Spec(S) defined by the W (k)-epimorphism w 0 : S ։ W (k) whose kernel is J (cf. the second part of Theorem 2.1 (b)).
Let z : Spec(W (k)) → Spec(S) be another morphism and let w : S ։ W (k) be the W (k)-epimorphism that defines z. For i ∈ {1, . . . , n}, let
Ifφ : (
The correction factor g z is computed as follows (see [De, (1.1.3.4) ] and [Fa, §7] for the standard way of pulling back F -crystals). For m ∈
As y 1 , . . . , y n ∈ pW (k), all products y j i i j i ! belong to pW (k). From this and the fact that ∇ = δ 0 + ω with ω ∈ E ⊗ W (k) Ω ∧ S , we easily get that (5) implies that there exists an element e ∈ pE such that F 1 z = (1 M + e)(F 1 ). Writing e = e 0 + e −1 , where e 0 ∈ pF 0 (E) and e −1 ∈ pN = pF −1 (E), we have 1 M +e = (1 M +e −1 )(1 M +e 0 ) and
, where e −1 ∈ pF −1 (E). Thus the property 1.6 (iii) holds. We check that the property 1.6 (iv) holds. Let D z W (k) (E) be the p-divisible group over W (k) that lifts D and that is defined by z; its filtered Dieudonné module is (M, F 1 z , φ). Let µ z : G m → GL M be the inverse of the canonical split cocharacter of (M,
is fixed under the inner conjugation through 1 M + e −1 . From the last two sentences we get that
of the category of filtered modules M F W,tf over W (k) defined in [Wi, Subsection 1.1] . From this and the functorial properties of the canonical split cocharacters (see [Wi, p. 513]), we get that the cocharacter µ L,z : G m → GL End(M ) defined by µ z normalizes E.
From this and the identity
z (E)); therefore the axiom 1.4 (iv) holds for the pair (E, D z W (k) (E)). Thus the property 1.6 (iv) holds.
3.4. Proposition (the functorial property). Let E and E 1 be two W (k)-submodules of V − such that the axioms 1.4 (i) and (ii) hold for them and we have E ⊆ E 1 . Let
k is isomorphic to the homomorphism of formal Lie groups over Spf(k) associated to τ (therefore τ is a closed embedding homomorphism).
(b) Suppose that moreover there exists a p-divisible group D W (k) over W (k) that lifts D and such that the axioms 1.4 (iii) and (iv) hold for both pairs (E, D W (k) ) and
is isomorphic to the monomorphism of formal Lie groups over Spf(W (k)) associated to the unique monomorphism
, and dΦ S 1 be the analogues of Φ S , Ω ∧ S , and dΦ S (respectively) but obtained working with S 1 instead of with S. We identify Spec(S) with the closed subscheme of Spec(S 1 ) defined by the ideal (x n+1 , . . . , x n 1 ) of S 1 . Let B 1 := (v 1 , . . . , v n 1 ) be an n 1 -tuple of elements of E 1 that extends B = (v 1 , . . . , v n ) and such that {ν(v 1 ), . . . , ν(v n 1 )} is a k-basis for ν(E 1 ). We consider the deformation pack-
The restriction of q 1 : Spec(S 1 ) → Spec(R) to the closed subscheme Spec(S) of Spec(S 1 ), is the morphism q : Spec(S) → Spec(R); this is so as the W (k)-epimorphism S 1 ։ S is compatible with the Frobenius lifts and as u 1univ ∈ GL M (S 1 ) restricted to Spec(S) is u univ ∈ GL M (S).
be the analogues of (3a) and (3c) (respectively) but obtained working with B 1 instead of with B. The restriction of (6a) to Spec(S/pS) is a short exact sequence
which is the pull forward of (3a) via the monomorphism
of F -crystals over S/pS. Thus the restriction of (6b) to Spec(S/pS) is a short exact sequence
which is the pull forward of (3c) via the homomorphism τ :
As the addition laws on G E k and G E 1 k are defined by adding short exact sequences, we get that the natural inclusion morphism G
k is a homomorphism of Lie groups; more precisely, it is the homomorphism of formal Lie groups over Spf(k) associated to τ (cf. the functorial part of the third paragraph of Section 1). Thus (a) holds.
The proof of (b) is the same: one only has to use filtered F -crystals instead of Fcrystals (the proof of Lemma 2.4 (a) adapts to show that τ W (k) exists and it is unique).
3.5. Remark. Suppose that we have a direct sum decomposition (M, φ) = (M 1 , φ) ⊕ (M 2 , φ) such that each Newton polygon slope of (M 2 , φ) is greater than all Newton polygon slopes of (M 1 , φ); let D = D 1 × k D 2 be the corresponding product decomposition of pdivisible groups over k. As in Example 1.8, Hom(M 2 , M 1 ) is a direct summand of V − . Let E be the largest W (k)-submodule of Hom(M 2 , M 1 ) such that the pair (E, pφ) is a Dieudonné module over k. Let t be the projection of M on M 2 along M 1 . We have φ(t) = t and
; thus E − k has a canonical structure of a formal Lie group over Spf(k). As ∇ = δ 0 + ω with ω ∈ E ⊗ W (k) Ω ∧ S , the connection ∇ annihilates both M 1 ⊗ 1 and M 2 ⊗ 1 and it leaves invariant the S-submodule
The group scheme U fixes both M 1 and M 2 . From the last two sentences we get that there exist short exact sequences
of F -crystals over S/pS. To do short exact sequence (7a) corresponds a short exact se-
k is a smooth formal subscheme of E − k . Let V k be the formal group over k that parametrizes isomorphism classes of extensions of the F -crystal (M 1 , φ) over k by the F -crystal (M 2 , φ) over k. Let W k be the formal group over k that parametrizes isomorphism classes of extensions of the F -crystal (W (k)t, pφ) over k by the F -crystal (Hom(M 2 , M 1 ), pφ) over k. Here are three important functors.
• The Dieudonné functor D defines a homomorphism D k : E − k → V k of formal groups over Spf(k); it is a monomorphism (cf. Grothendieck-Messing deformation theory).
• The short exact sequence (7b) is the push forward of (3a) via the monomorphism
of (constant) F -crystals over S/pS. Thus we have a natural homomorphism
• We have a natural monomorphism T k : V k ֒→ W k defined as follows. Not to introduce extra notations, we will describe here only the restriction of T k to Im(E k ) (the general description of T k is the same). The short exact sequence (7b) is obtained from (7a) via the following two operations (performed in the order listed):
(i) the tensorization of (7a) with the F -crystal (Hom(M 2 , W (k))⊗ W (k) S, pφ⊗Φ S , δ 0 ) over S/pS of the p-divisible group D t 2 × k S/pS; (ii) a pull back via the canonical embedding of (W (k) 
As the operations (i) and (ii) are compatible with additions of extensions, the restriction of T k to Im(E k ) is a homomorphism of formal groups over Spf(k).
The composite of the formal closed embedding 
Sign p-divisible groups
We define the positive and the negative p-divisible groups of D and we list elementary properties of them (see Subsection 4.1). Their quasi-factors, strings, and slices are introduced in Subsection 4.2. In Subsection 4.3 we combine the Basic Theorem A with Subsection 4.2 to define negative quasi-factors, strings, and slices of D k itself.
For α ∈ W let r α := dim B(k) (W (α)) ∈ N. Let X := {(α, β) ∈ W × W|α < β}. Let s 1 , s 2 : X → W be the two projections. Let Y be a subset of X. We say that Y is a square zero subset of X, if the intersection s 1 (Y) ∩ s 2 (Y) is the empty set.
Lattices. Let
it is a nilpotent subalgebra of V − . Proof: The first part is a particular case of Lemma 3.1 (a). The proof of the second part is similar to the proof of Lemma 3.1 (a) and thus it is left as an exercise. Tr(φ(x) , φ(y)) = σ(Tr(x, y)) i.e., Tr is invariant under φ.
If (α 1 , β 1 ), (α 2 , β 2 ) ∈ W × W are two pairs such that (α 1 , β 1 ) = (β 2 , α 2 ), then we have Tr(Hom(W (α 1 ), W (β 1 )), Hom(W (α 2 ), W (β 2 ))) = 0. This implies that: (*) the map Tr restricts to a perfect bilinear map 
Applications to ultimate stratifications
Let A be a smooth scheme over F p which is equidimensional of dimension cd. We assume that there exists a p-divisible group D A over A of codimension c and dimension d which is a versal deformation at all closed points of A with values in finite fields and for which there exists a point y : Spec(k) → A such that D = y * (D A ). This implies that there exists a unique morphism q y : Spec(R/pR) → A through which y factors and for which we have an identity D × R R/pR = q * y (D A ) that lifts the identity D = y * (D A ). The morphism q k gives birth to a formallyétale morphism q y,k : Spec(R/pR) → A k of k-schemes. It is known that there exists a unique locally closed, reduced subscheme s D of A k which has the following property (see [Va2, Thm. 5 Thus to prove the Theorem, it suffices to show that g D ≥ c − . Let (S, Φ S , Ω S , dΦ S , S 0 ) be as in the beginning of Section 2 with n equal to c − . We consider a deformation package P(B) = (n, N, n, N, U, U, u univ , Φ N , ∇, H S/pS , q k , q k , K,K) such that N ⊆ O − ; this makes sense as n = c − is dim k (ν(O − )) (cf. Lemma 3.1 (b)). The p-divisible group H S/pS over S/pS is geometrically constant, cf. Similar to Proposition 2.6 (a) and Corollary 2.7, one can check that D k (G, B G ) or C ′ k (G, B G ) (i.e., q Gk ) depends only on (M, φ, G) and not on B G and that C k (G, B) (i.e., q k ) depends only on O − (G) and not on B (cf. also [Fa, §7, Rm. iii), p. 136]). To be short, we will not detail this here and therefore we will keep using the notations D k (G, B G ), C ′ k (G, B G ), and C k (G, B). We emphasize that if O − (G) 2 = 0, then: (i) Corollary 2.7 implies that C k (G, B) depends only on O − (G) (and thus only on (M, φ, G)), and (ii) the Basic Theorem A implies that C k (G, B) has a canonical formal Lie group structure isomorphic to the formal Lie group over Spf(k) associated to D − (G) t .
5.2.1. Definitions. We call D k (G, B G ) the formal deformation space of the triple (M, φ, G) (with respect to B G ). We call C ′ k (G, B G ) the pseudo local ultimate stratum of (M, φ, G) (with respect to B G ). We call C k (G, B) the local ultimate stratum of (M, φ, G) (with respect to B). 
